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This first instafment of the series will examine the 
nature of non-linear waves and the implications for 
sirtglr-cnrz~panPnl non-linear chromatography, spe- 
cifically, for the dependence of the shapes of waves, 
peaks. and bands on physical aspects such as iso- 
therm shape and mass-transfer resistances, Multi- 
component problems will be examined later in this 
series. 

I. I. DEFlNlTlONS 

For simplicity, the two phases between which a 
solute partitions will be called the nrovi~rg pRase and 
the snrhotr (or sorbent phase). Thus, “sorbent” will 
refer to gel-type or porous sorbent beads, to the 
surfaces of impermeable adsorbent beads or col- 
umn walls, or to a stationary liquid sorbent on or in 
a solid support which may be a particle or the col- 
umn wall. “Motring phase” rather than “mobile 
phase” is used to make clear that the term refers 
exclusively to the fluid traveling through the col- 

umn, not to a stationary liquid within or on a sup- 
port. 

In conformity with established usage, hear dtro- 
autography will be understood to refer to chroma- 
tography with no interaction between solute malc- 
cults of the same or different kinds (i.e., linear sarp- 
tion isotherms, no interactions through occupancy 
of moving-phase volume, axially uniform flow- 
rate), Linear chromatography thus does not exclude 
non&linear mass-transfer equations. Correspond- 
ingly, nort-hear chonmtogrcrph is taken to be 
chromatography with non-linear isotherms or other 
interactions between solute molecules, 

The. term tnulriconzportenr clrronmrograph~ will be 
reserved for systems in which different solutes affect 
one another’s behavior, specifically, systems in 
which the sorbent-phase concentration of a solute 
depends not only on the moving-phase concentra- 
tion of that solute, but on those of all other solutes 
as well. Multicomponent systems thus are necessar- 
ily non-linear. This definition of multicomponent 



clrrrrniuu3graphy is practical bccausc the rdsponsc 
in systems with independent solutes is easily con- 
structed by additive superposition of sin@-solute 
responses and so requires no theory beyond that for 
single solutes. 

I&nl ~lrromofa~rr~plt~~, in some earlier work also 
called equilibrium theory. will be understood co 
imply the following simplifying premises: ( I) locul 
equilibrium between moving und sorbent phases, 
(2) ideal plug flow, (3) mass transfer in axial dircc- 
tion by convection only, (4) axially uniform volu- 
metric flaw-rate of bulk moving phase, (5) isobaric 
behavior, (6) isothermal behavior. and (7) absence 
of chemical reactions that transform solutes and 
thereby aher their sorption behavior, Except where 
specifically mentioned, assumptions 4-7 will also be 
taken as valid when non-ideal systems are dis- 
cussed. 

Non-linear chromatography is most easily undet- 
stood a4 a phenomenon of IVUIVS, a term borrowed 
from physics of compressible fluids [ l.2]. where 
quite similar diflerrntial equations apply. A wave is 
defined as a variation of dependent variables: in 
chromatography, of solute concenlrations and pas- 
$ibly of temperature [3,4]. (Usually, a wave moves: 
however, standing waves can arise under certain 
conditions, P.R.. in countercurrent operation). A 
typical chromatographic wave is the advancing 
“‘front” of a solute that is being injected into a col- 
umn initii\lly free of solutes. In contrast to wdvcs in 
acoustics and optics. those in chromatography thus 
ibrc not oscillaGons. are not characterized by frc- 
qucncics. It will prow cxpedienr. to reserve the term 
wave to a r~lonofo~~ic variation. A typical chromato- 
graphic pwk then consists of two waves: its front 
und its rear (i.~,, the pnrts do\vnstrcam and up- 
stream of the apex, respectively); similarly. a Bat- 
top peak under overload conditions or a hand in 
displacement consists of a plateau between two 
waves (see Fig. 1.1). The behavior of peaks and 
brands is necessarily more complex than that of (mo- 
notonic) waves. Therefore, the properties of waves 
are discussed in detail before this knowledge is ap- 
plied to peaks and bands. 

Mosl of the conventional literature on chroma- 
tography and fiscd-bed adsorption is in terms of 

@I 
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retention times or volumes [S-7] or other throuph- 
put-r&ted parameters [S,9] rather than velocities. 
The latter [4.10 131, although less directly related to 
observable effluent concentration histories, are used 
here because they ~110~ waves to be studied regard- 
less of their origin and position in a column, and so 
make it easier to visualize their properties and be- 
havior: A velocity is a loc~al phenomenon. indepen- 
dent of conditions elsewhere and thus of the column 
size, elapsed time. injection history, etc. 

With this focus on waves. the central question in 
the analysis of any chromatographic phenomenon 
becomes. ““how Fast does any given solute cuttctz~- 
r~tiarr advance in the direction of flow?” This, rath- 
er ;han the velocity of salutes molecules. is the start- 
ing point. By definition. the velocity vCi of a moving- 
phase concentration ci af solute i is 

‘;i = (c’z&),, 0.1) 

i= * linear distance. in direction of flow, I = time). 
Granted the premises OF ideal chromatography es- 
c-ept lad cqdihriut~~, the equation for conservation 



af maSs af salute in a diS2rcntial cross-st?cliark of 

the column is 

(,” 5 ~&city of moving-phase flab: l/i = sorbcnt 
loading, c) = bulk density of sarbcnt, e = fractional 
void volume of bed: p/i: is constant under normal 
conditions: for exact definitions see Symbols WC- 
tion), This “wave equation’” is the most important 
equation in non-linear chramatagruphy, Charactcr- 
istic of nonAinear chromatography is that the wave 
velocity, even under ideal conditions. varies with 
the salute concentration. 

In i&al chromatography, the phases arc in local 
equilibrium, sn that <ii can be expressed as a unique 
function of cbi alane, regardless af distance and time. 
Accordingly, the partial dil%zrcnrial in cqn. 1.3 can 
be replaced by the respective total differential, SO 
that the wave ryuarion becomes [4.1 l] 

(1.4) 
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ratio qdcj, that is, on the slope of the chord of the 
isotherm point corresponding to that concentration 
(see Fig, 1,2). Only in linear chromatography do 
waves (concentration variations) and particles (sol, 
ute molecules) move at the same velocity. 

To appreciate the difference between the two 
types of velocities, consider the advance of a pulse 
of  incrementally I~igher moving-phase concentra- 
tion of  solute m a column whose sorbent, at the 
original, lower concentration, is already loaded to 
its maximum capacity, The sorbent cannot accom- 
modate any more solute, so the pulse must advance 
at the velocity of moving-phase flow (the pulse ve- 
locity is a wa,,e velocity): indeed, for zero isotherm 
slope, eqn. 1,4 gives v,. i = v °, Meanwhile. the solute 
molecules that, at any given moment,  constitute the 
pulse spend part of their time at rest on or in the 
sorbent and so advance at a lower average velocity 
(particle velocity) given by eqn. 1,5: they are being 
overtaken by the pulse, A standard detector (mea- 
suring a spectral response, fluorescence, refractive 
index, conductivity, or any other property that is a 
measure of concentration} in the effluent registers 
the arrival of the cos:ct'tttrtttioll ptd,~c that traveled ;st 
the Writ't" rehJt'io'. In contrast, a radioactivity detec- 
tor would register the arrival of a pulse of injected 
tagged molecules that traveled at the partich, tehw. 
itv. if the injected concentration pulse were to l:avc 
contained radioactively tagged molecules, the con- 
centration pulse ztnd the radioactivity pulse would 
reach the column end at different times [14]. 

[The fact that a concentration perturbation (the 
concentration pulse} should outrun or lag behind 
the slug of molecules of which it consisted upon 
injection is not easy to accept. However, the under- 
lying difference between wave velocities and particle 
velocities is one of the fundamental principles of  
physics and is absolutely essential for proper under- 
standing of non-linear chromatography. A more 
easily visualized and somewhat analogous situation 
is that of a sonic boom. in which the wave (a pres- 
sure variation in this easel travels mt..ch faster than 
the molecules that generated the boom in the first 
place, as well as those being ct:n~pressed by !he  
boom at an3' given moment.  Still another interest- 
ing example is theft of a trallic jam. in which the 
congestion (a wave) is actuall,, propagated agab~.~ 
the direction of the flow of t he cars ( the particles) 
reader who still has conceptual rescrva'Aon:~ ~.. '-3 

wish to study ref. I4 and section 3.11t.B of ref. I I, 
where such matters are discussed in more detaii.t 

I,L LINEAR WAVES 

Waves in linear diromatography, thoroughly fu. 
miliar to all practitioner,~, present a logicM starting 
point for the application of  the concepts and egua- 
tions of wave theory, 

In linear chromatography, the isotherm slope 
dq;:dc~ is constant, independent ,ff the moving- 
phase concentration, so that according to the ~va~e 
equation 1.4 all moving-phase concentrations of a 
given solute have the same natural velocity. In ideal 
linear chromatography, in which concentrations 
move with their natural velocities, any wave then 
travels "'as is". that is, without sharpening or 
spreading (see Fig. 1.4a and b); the same is. of 
course, also true for a peak. In real linear cLroma- 
tography, the dispersive effects of non-idealitics 
make the wave spread In chromatography, the rel- 
evant ,-ffects are: (i) deviation from local equilib- 
rium because of tinite fate of equilibration between 
the moving a,td sorben t phases. 0il axial diffusion, 
and lilt} deviation from plug floxv. 

If local equilibrittm were to be maintained, the 
rate cocftieients of all steps required for equilibra- 
tion of the moving phase ~,,ith the sovbent ~,,ould 
have to bc infinitel~ large. With coeflicicnts of linitc 
xalucs, transfer of.,iotute I¥om one pha~c :o the o,Aa- 
er to establish equilibrium can occur only if n..m- 
equilibrium provides a "'driving force". According- 
ly. tl~e concentration variation in or on the ,,orbent 
always lags slightly behind that in the mov!ng phase 
as a wave moves through a position in the column, 
The sharper the wave. the faster is the concentra- 
tion variation in the moving phase at a position in 
the column as the wave passes tl~rough, and so the 
harder it is for the concentration variation in or on 
the ~orbent to keep pace with that in t! . .toying 
phase. Accordingly. the s~ronger is th,; dispersive 
effect of non-equilibrium. 

The flux of axkd diffusion is proportioqel to the 
;~xi:! concentration gradient (Fick's laxv). Thus. 
here, too. the disper.sive effect is stronger if the ~va~e 
is shar0er. 

The irregular packing of a real column cztuscs de- 
viations from plug flow even i." the flow is laminar. 
Stream lines branch and rejoin, and travtg time.,, 
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alang such branches are not equal, This amounts to 
mixing, at the confluence of two Strf%m lines (or at 
the column exit). two moving-phase volume ele- 
ments that were previously at difkrent distances 
from the column entry (see! Fig. X+3). The sharper a 
wave, the greater is the concentration (1iFference be- 
tween two such volume elements, and the stronger 
is the dispersive effect, The same is obviously true 
for eddy mixing in turbulent flow, whcrc once agui~~ 
votume elcn~ents previously at different distances 
from the column entry are mixed, 

In all three cases -finite equilibration rate. axial 
diffusion and non-plug flow- the dispersive effect 
thus is seen to diminish as the wave spreads. The 
familiar result is that the wave spreads in propor- 

tion to the sq~~rc rncrl of traveled distance (or 
slupsed time), as is cammon in diffusion processes, 
In non-linear wave theory, such linear waves art3 
also called itrc/~~~rrvt~ [l 11, in distinction from scff- 
sharpening, n~nshurp~nin~~ and composite norAn- 
ear waves (see farther below, and Table I. 1, in 
which the sharpening or spreading behavior of linc- 
ar and non-linear waves is summarized). 

1.4. SELF.SIIARPENINO WAVES, SHOCKS, AND SI-IQCK 

LAYERS 

We turn now to non4incar waves, that is, mono- 
tonic concentration variations in systems with non- 
linear isotherms, 

Xmaginc a moving phase containing solute ut can- 
stunt ~~n~~ntr~~ti~n C? entering u column thut was 
initially free of sarbate, and the adsorption iso- 
therm being of T@ltcb I (neg&x curvature, see Fig. 
1.h). The advancing “front” of solute i is a nan- 
linear wttve, At the tcading cd~r of this sorption 
wave, where the concentrations of i arc? still low, the 
isotherm is steep and, aecarding ta the wave equa- 
tion 1.4, the natural wave velocity is low. At tfra tail 
end of the wave, at high concentrations of i. the 
opposite is true. Since the trailing portions tend to 
advance more rapidly than the leading ones. the 
‘vvuve tends to sharpen if initially diffuse (see Fig. 
I AC) [ 161% The wave is said to be ,sp!l-,slrt~~l-‘cnirrq!,~ [ 171 
(in physics of fluids it is called a compressive wave). 

In i&d chromatography, in which conccntra- 
lions travel nt their natural velocities. such a wave 
sharpens to become, or rcmeins, a concenlrution 
discontinuity (see Table t. i ). Unlike an ocean w;tvc 
rolling onto a beach, such a wave citnnot “break”, 
ix,. higher concentrations from its rear cannot 



overtake lower ones ahcud because this would lcud 
to the physically impossible cacxistemx of three dif- 
ferent concentrations of the s:tme solute ~11 the same 
location. Instead, the wwc kccpi; traveling as ;I dis- 
continuity [ 161. In terms of nmhenmics, the phys- 
ically reaiixed solufian of the differentirtl mass bal- 
ance (eqn. 1.2) is a so-called weak solution, with two 
branches separuted by a discantinuity [ 18. X9]. The 
velocity t4ACj at which the discontinuity advances is 
readily derived from a mass balance WIWS it [4,1 i]t 

11.6) 

where A stands for the difference between the down- 
stream and upstraml sides of the wave. [Eqn. 1.6 is 
equivalent to the Rankine-Hugoniot equation in 
physics of fluids.] The discontinuity is called II 
.Y!RN$+, An infinite number of weak solutions satisfy 
the dif%rcntial mass balance (eqn. 1.2) and the ini- 
tial and input conditions since the pnsition of rhc 

discr\nrinGty remains unspecified. but cqn. I.& 
uniquely identities the appropriate one. 

In our rwf world of compressible fluids or of 
chromatography, dispersive eflixts of non-idtalities 
prevent a wave from sharpening into it discontinui- 
ty. As was shown for linear WBVCS, thr: relevant diri- 
persive effects of finite equilibration rate, axial dif- 
fusion, and deviation from plug fiow aIt dtxreast: in 
strength as the wave spreads (or increase as the 
wave sharpens]. XII contrast. the sharpening tendcn- 
cy of the wave resulting from the dependence of the 
natural velocity on concentration. given by the dif- 
ference in isotherm slopes at its front and rear ends. 
is independent of the current sharpness of the wave. 
Therefore. at Some finite width of the rvave, the 
sharpening and spreading tendencies achieve a bal- 
ance 19. t 7,20]. A shelf-sharpening wave sharpens if 
initiully mire diffuse. ar spreads if initiatIy sharper, 
until that bulance is attained. and then continues its 
rru~cI without further change irr width or shape (see 



self-si~harpcning wave 

Fig. 1.5~1 and Table 1.11. Such a wuvc with a steep. 
but continuous prafile is often catted a shoc*k IL~JW if 
attcntisn is to bc drawn to its not being a disconti- 
nuity. The shock velocity cquatian (cqn. f.G) rc- 
mains valid far the shock layer [I 11. 

A shock layer also results. for the Same physical 
reasons, when a solute with an isotherm of Type 11 
is clutcd from the cofumn by a solvent or car&x 
gas: Xn this cast. the high solute conccntratians are 
in the forward portion of the wave and arc most 
strongly retarded bccausc they have the steepest isrs- 
therm slopes (xc: Fig. I2b). so that the wave sharp- 
sx if initially diffuse (SW Fig, J.4f). 

The terms shock and shock layer. adopted from 
physics of ctomprcsvible fluids. are relatively new in 
chromatography and fixed-bed adsorption, How- 
ever, the phcnomcna they describe have been famil- 
iar to ~fl~oln~~~~~~ph~r~ and adsarpticrn cngincers 
for almost half’ a century, if under different names. 
For a glossary of equivalent terms, see Table 1.2. 

Consider the cast in which the solute advancing 
in the initially sorbatc-free column has an isotherm 
of TJ*~w II (positively curved, vx Fig. 1.2b). Hcrc, 
the isotherm slope is less s~ccp at the leading (low) 
cancentrations than at the trailing (high) cancentm- 
tions, According to the wave equation 1.4. the far- 
ward portions now have higher natural vctocitics 
than those farther behind. 90 that the sorption wave 
tends to spread (see Fig. 1.4e) [It?]. Non-idcaIitics 
only add to that tcndcncy. Soon. the wave beccnncs 
SO diffuse that the dispersive c%xts of the non-idcal- 
itics no longer matter, Fram then on, the width of 
the wave increases /imwr/~ with travclcd distance ar 
ctap~cd time (see Fig. ISb and Table 1.1) [9]. Such a 
wave is said to be t?rrrwituipc"nirtg [ 171 (dispcrsivc 
wuvc ar rstrcfaction wave in physics of Fluids). 

A nonsharpcning wvc also results when CL solute 
with Type I isotherm is eltrtcd from the column by a 
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solvent or carrier gas. Hcrc, the isotherm slope and 
thus the retardation arc greater for the trailing. low 
concentrations than for Icading:, high conccntra- 
tions of the clution wave (SW Figs. 1.2b and 1.4d), 

$ince the dispersive cfl?cts of non-idcatities fade 
as the wave spreads. ideal theory is usually quite 
satisfactory for nonsharpening waves. 

[As is often pointed out. in the mathematics of 
ideal ct*romatoi;raphy a weak soWion satisfying 
the diIRrcntia1 and overail mass balances also exists 
for a nonsharpening wave that starts as a disconti- 
nuity, allowing it to travel as such. The intermediate 
concentrations then never come into existence, so 
that the wave equation I.4 remains inapplicable be- 
pause no gradients dyi/‘d<,i can be defined. That this 
weak solution has no physical reality can be shown 
with a complex argwmcnt according to which the: 
ef3’cct would be to decrease the entropy of the sys- 
tern, in violation ot‘ the second law of thermody- 
namics [ 1$.25,X]. For practical purposes, however, 
if sut%ccs to ssty that the slightest non-ideality of the 
real world CWX~ the intermcdiatc concentrations 
ta become realized, so that the wave cyuation be- 
comes applicable and produces proportionale 

sprcuding; this shows that, for a nonsharpening 
wave, the weak solution of idcal chromatography is 
not an ltsymptotic solution for vanishing non-idcal- 
ities, and so is of no practical significance.] 

I.tj. CONSTANT AND PROPQRTfONATE PATTERNS 

A shock layer trz~veling without further shitrp- 
cning or spreading is said to have attained a cow 
statrf ~~tucw~ [8.9,12,13,24]. A nonsharpening wave 
that spreads in proportion to traveled distance is 
said to have attained a p~opa~ti~~rtrrte~~ttti~~tt [S,Sr,t 2, 
t 31. Exactly constant or proportionate ~t~~l%S am 

possible only in ideal chromutogtxphy, and propor- 
tionate ones only far waves starting as discontinui- 
ties. Like equilibrium and steady state. in the real 
world the patterns are only approached asymptot- 
ically. 

The time or distance of travel required for ap- 
proach to a constant or proportionate pattern (to 
within a specified margin) in non-ideal chromatog- 
raphy depends on the shape of the isotherm f8.91. 
For any wwc that enters the column as it disconti- 
nuity {step change in soluro concentration of enter- 



ing fluid), the dispersive effect of the non-idealitics 
is overwhelming initially. making the wave spread 
at first in a square-root pattern regardless of its self- 
sharpening or nonsharpcning nature (set Fig. 1.6). 
If the isotherm is strongly curved, the final pattcm 
is approached rapidly [~.a., in passing through 
about 10 thcorctical plates for a Langmuir isotherm 
C[i:‘Qi = K<*i/( I $- K<*i) with K(t*i),,, = i In ~1 SCIf- 

sharpening wave. the sharpening tendency owing to 
the isotherm curvature then is so strong that the 
balance with the disperxive effects is clusefy ap- 
proaehcd when the \V~VC has spread but a little: in ii 

nonsharpening wave the spreading tendency then is 
so strong and spreading so fast that the dispmivc 
efkets of the non-idealities quickly bccomc ncgli- 
gible compared with that of the isotherm curvature. 
On the other hand, if the isotherm is atmost linear, 
the sharpening or spreading tendency resulting 
from the minute curvature is so weak that the dis- 
persive effects of the non-idealities remain dom- 
inant for a long time: if so, the wave may Icavc the 
column bcfare it has deviated much from square- 
root spreading. (For guidance concerning require- 
ments for close approach to the final pattern, see 
Fig. 16.1 I in Perry’s Handbook 191). 

What matters in this context is the change in iso- 
therm slope witlrk the isothernr sqpwrtt mw which 

the wwc esterttfs or. in other words, the ditrcrcncc in 
isotherm slopes between the points corresponding 
to the concentrations upstream and downstream of 
the wave. Thus, for a given isotherm, the sharp- 
ening or spreading tendency is wcakcr, the sm&r 
the concentration variation across the wave. In the 
extreme, very small waves or pulses arc, as a rule, 
essentially indifferent and adequately described by 
linear theory. even if the isotherm spanning large 
variations is non-linear. 

Use of a precise terminology can help to avaid 
confusion. Note the dilTerenucs: 

“Sttrrrp” and “rt$jirsr” describe current states of 
waves. 

“Slwks” or “.+r*k /~~,YcYx” arc self’-shurpcning 
waves that have attained or closely approached 
rheir final patterns, 

A self-stzarpening wave may well bc diffuse, for 
instance if it was recently gcncratcd by a gradual 
variation of the inlet concentration: likewise. a non- 
sharpening wave may still be sharp, not yet having 
had time to spread much from an initial, even 
sharper state. A self-sharpening wave may actually 
spread, namely, while it approaches its constant 
pattern after having started as a discontinuity. or if 
an incrcasc in flow-rate makes it approach a new 
and lees sharp constant pattern. 



While non-idealittes have little, if any. efIiict on a 
nonsharpening wave, they in combination with the 
isotherm curvature dictate the shape of the concen- 
tration profile in a shock layer. In lifrenr chromatog- 
raphy, the lumping of all non-ideal efl’ccts into one 
parumcter -a lumped dispersion cocffrcicnt, Pcclct 
number, or height cyuivaicnt to a thcorctical plate 
(HETP)- is customary (5,6,7,10.27]. However. tircp 
4Us.G &C f ~$1 f P 0f iikcncs3 critri d/it ivit_s c$c$&rs is 

IWt io gi3ltVWI tditf in tlOft-lil?CYW t~it~~~ftltit~~~~ii~~~l~~~ i\S 

will be seen. (Even in linear chromatography it is 
valid only if linear driving force approximations we 
used for the equilibration rate: with more elaborate 
mass-transfer equations, distinct diffcrcnces be- 
twecn non-ideal effects appear [28--X9. 

Of the three principal non-idealitics --finite 
cquitibration rate, non-plug 110~. and axial ciilTu- 
sion- the dispersive cRcct of the first inctcnscs with 
increasing flow-wtc (faster wave), that af the scc- 
and [branching and rejoining of stream lines) dc- 
pends only weakly on flow-rate as long as the flow 
remains iaminar, and that of the third increases 
with dccrcasing flow-rate (longer rcsidcncc time 
gives more time for diffilsion) [S--7.10.27]. Whereas 
the separation cflicicncy in analytical chromittogru- 
phy is best when the etTcc~ti arc comparahic in tnag- 

nitude [S- 7. fO,27]. the desire for high throughput in 
preparative chromatography t~sually C&S for fjo~- 

l%iteY SO high that ioeal non-equilibrium cuused by 
the finite equilibration rate is dominant und thcrc- 
fort must rcccivc greatest attention, 

To understand the cffcct of a finite mass-transfer 
rate on the profile of I\ shock, we must first cstilblish 
how the sorbcnt loading cl{ varies with the moving- 
phase concentration VI within the constant-pattern 
shock layer. The concentrations arc ml in local 
equilibrium, as the shock would then be an ideal 
discontinuity, However, gmntcd the effects of non- 
plug flow and axial diflusion arc unimpor~~nt~ the 
wave equation 1.3 still holds since equilibrium was 
not postulutcd in its derivation. By dclinition, the 
wave in its constant pattern does not change its 
shupc: tfxis rcquircs ail concentrations tu move at 
the same velocity. According to the wave equation, 
this is true only if the dcrivutive (?~/~/?<~i)= has the 
same value at all concentrations. Therefore, the 
variation of qi with I’( in a constant pattern must bc 
Iirzr*z~! f9.171. Fig. 1.7 shows such a iincar variation 
in the form of an “operating line” in a cl1 KY. ri dia- 
gram. togcthcr with the respective “equilibrium 
curve” (isotherm)“. here of Type X. At any location 
within the constant-ptkttcrn shock layer, the bdk- 
phase concentrations correspond to :I point (ci.</i) 
‘on the opera&ins line. and the concentrations at the 
interface of sorbcnt and moving phase carrcspond 
to a point (cfr,$) on the isotherm (granted eyuiiib- 
rium at the interface). 

I.rci. I. I. Lirwtrr tlt-i~~ift.~~{hw (i~~sO.‘Ciit;Nti(}tt.s 
Manq’ n~athcrnaticai models Iirr muss-transfer 

rates have been postulated. and depending on the 
type of sorbent one or the other may be more ap- 
propriatc. The simplest model assumes cquitibtium 



at the interface between the moving and stationary 
phases and postulates linear driving-force approxi- 
mations for both phases, implying that the rate in 
each is proportional to the distance from equilib- 
rium: 

(pfa)(@r1W, = kr(cs - 8) = kp(# - Yr) (1.7) 

where a is the specific surface area, h-r and k, are the 
co&Gents of mass transfer between bulk moving 
phase and interface and between interface and sorp- 
tion sites, respectively, asterisks refer to the inter- 
fact between sorbcnt and moving phase (SW. also 
Fig. 1.8; the transfer rates in two phases are equal 
because the interface, being two-dimensional, has 
no capacity,) The overall driving force corresponds 
to an arrow from (c& to (CT.@) in Fig. 1.7, with 
components A(*i G pi - CT and Ayi z # - 91. AS 
the distance from equilibrium, the length of the ar- 
row is a measure for the magnitude of the driving 
force. 

The mass-transfer resistance in the moving phase 
may dominate, This is true if at all concentrations 
the product of mass-transfer coefficient and maxi- 
mum possible driving force is much smaller in the 
moving phase than in the sorbcnt: that is: 

ratecontroi in moving phase ifkrCi/k,Qf(f?i) GC i(I.8) 

where f(ci) is the sorbcnt loading c/i in equilibrium 
with ci* ff SO. CUT =t. qi (no significant concentration 
gradient in the sorbent), and the driving-force ar- 
row in the or 1:~ ci diagram (Fig. 1.7) then is practi- 
cally hot-iamtd. Similarly: 

ratecontrol in sorbent phase if krciik,pf(ci) >> l(I.9) 

Here. ~7 t (‘iv and the driving-force arrow then is 
prWically wrliud. IEvcn if the mass-transfer co&i- 
cicnt is smaller in the ssrbcnt, as is usually the case 
because of obstruction in the sorbent, a highly fa- 

vorablc partitioning of the solute into the sorbent, 
f(r#ci XP 1, most likely at low Ci% may ovcrcom- 
pcnsatc this cII&l.] 

We consider first an adsorption shock with Type 
I, Langmuir-like isotherm of the solute, As can be 
seen in Fig, 1.9, for ideal rate control in the moving 
phase the driving force (dashed arrows) is rather 
weak (short arrow) at low concentrations, and is 
still respectable even at quite high concentrations; 
rcfcrence to Fig. 1.7 shows it to have its maximum 
(largest horizontal distance between operating lint 
and isotherm) at concentrations well above the half- 
way point on the operating line. The opposite is 
seen to be true for rate control in the sorbent: Hcrc, 
rhe driving force (solid arrows) is weak at high and 
still fairly strong at low concentrations, and has its 
maximum at well below the halfway point. The 
stronger the driving force, the faster are the conccn- 
tration variations (~?c/~/Ct)_, and (?~i,+?r)~ in a sorbcnt 
layer (note that qi varies linearly with t*i along the 
operating line). That is to say, the strength of the 
driving force translates directly into the stccpncss of 
the slope of the concentration history or pro& at 
the respective concentration. Accordingly, for rate 
control in the moving phase, the profile or history 
of the sorption shock is less steep at the leading, low 
concentrations (weak driving force) than at the 
trailing, high concentratians (strong driving force); 
and far rate control in the sorbcnt the opposite is 
true. The profile and history art asymmetrical. de- 
pending on whcrc the predominant mass-transfer 
resistance resides: 

(see Fig. 1.10; as ~scd !jere. “fronting” of it wave 
implies a profile that is less steep in the forward 
than in the rear portion of the wave, and “tailing” 
implies the opposite). The effect is stronger, the 
stronger the isotherm is curved within the segment 
over which the wave extends, and is practically non- 
existent if that scgmcnt is almost linear, Also. the 
profile is almost symmetrical if the two muss-trans- 
fer resistances arc about equally important, that is, 
if k$i S I\sjIf(C’i). 

If the isotherm segment of intcrcst is strangly 
eurvcd. the driving-farce ratio ACi;Acji dccrcascs sig- 



/ 
isothwm 

nifcantly with dccrcasinp conccntraticm. Ati a ru- 
sutt, the mass-transfer resistance in the moving 
phase is most serious at the very lowest concentra- 
tions and SO c~uscs some fronting even if it is ncg.li- 
gible al higher concentrations [22]. This is very im- 
portant in practice because fronting amounts to 
early breakthrough and SD afI’ccts cfEcicncy or puri- 

ma.Wcansfcr control 

mass-transfer con&d 

time 

The discussion so far has ussumcd that the iso- 
therm is reasonably Langmuir-like. Any deviation 
from such a shape also aRxts rhr shock-layer pro- 
file. As an illustration, Fig. 1.11 shows a Type III 
isotherm with driving-force arrows corresponding 
to abaut equal importance of the rcsistitnccs in the 
two phases, For this isotherm and under such mass- 
trttnsfer canditians. the driving force is strong at 
law and weak at high cancentrations. producing a 
wave with little fronting and fairly heavy tailing. an 
asymmetry in this cast rrot attributable to a pre- 
dominant mass-trtrnsfcr rcsistancc in the sorbcnt. 



in etution of a solute with Type If isotherm (Fig, 
IJb), the driving-force arrows for sorbent-phase 
rate control tend to be long at the high (leading) 
and short at the low (trailing) concentrations. and 
for moving-phase rate control the opposite applies. 
Accordingly, the elution shock tends to tail in the 
former cast and to front in the latter. The behavior 
thus is the same as for the Type I adsorption shock. 

1.8.1.2. Othrr I?lu.w-I1’Clll*q2r rlltdds 
The linear driving-force relationships in cqn, 1.7 

ure idealizations. For the moving phase the approx- 
imation is usually satisfactory: for the sorbcnt. 
much less so. In the first place. the structure of the 
sorbcnt phase may suggest a different mechanism. 
say, sorption by a stationary liquid in the ports of a 
support, followed by diffusion in that liquid and 
finally adsorption at the pore wails (“pore diffusion 
model”) [32]. Even if the sorbcnt can bc regarded as 
quasi-homogeneous. as is true for gel-type beads, 
the linear driving-force approximation is problcm- 
atic: Strictly speaking. there is no “bulk-phase con- 
centration” in the sorbcnt as the concentration at 
any time varies throughout the bead. so that the 
sorbent loading (amount of sorbatc in bead, divided 
by so&ate-free bead mass) has to bc used instead. 
Also, diffusion in such a bead obeys Fick’s (see ref. 
28) or Ncrnst-Planck’s (see ref. 33) laws ralfter than 
a linear driving-force relationship. Moreover, be- 
cause t::e rate under such conditions depends on the 
current shape of the concentration profile in the 
sorbcnt as well as on the loading, 1~) equation in 
which the rate is a unique function of equilibrium. 
moving-phase concentration, and sorbcnt loading. 
regsrdless of its complexity, can fit actual behavior 
under ail sets of possible initial and boundary con- 
ditions [33]. 

Chemical engineers have devised a great number 
of more realistic mass-transfer models. calculated 
the constant-pattern shock shapes they produce. 
and rcprcscntcd the results in various forms. The 
most complete coilcction. largely in form of dimen- 
sionlcss graphs, can be found in section 16 of Per- 
ry‘s Handbook [S?. The only justification for sin- 
gling out the iincar driving-force approximations 
here is bccausc they arc the simplest and easiest to 
visualize. and bccausc the r@itcr~irc behavior 01 
the other. more rcaiistic models is the same, as a 
stlldy of the information in the handbook section 
shows. In particutilr: 

l The more contplcs r?rodcls give qw~itarivcfy the 
sa~rie jiimtittg ami tailing cf sitocks as do the litwnr 
dtWng$3rcc npproxit~tarion.~, 
This is not surprising since even in the more com- 
plex models the mass-transfer rate increases or de- 
creases with the distance from equilibrium, though 
not in proportion to that distance as in the linear 
drivingforce approximations. 

The equilibration rate may also bc controlled by 
the rate of attachment to (or detachment from) ac- 
tive sites on the sorbcnt. This is sometimes called an 
adsorption “reaction”, even if the soiutc undergoes 
no chemical transformation other than the attach- 
ment itself (e.g.. by hydrogen-bonding). Such be- 
havior is fairly common in chromatography of large 
molecules, e.g.. pcptides and proteins, on small or 
impenetrable sorbent particles. The most common- 
ly used rate equation is that employed by Langmuir 
in the derivation of his famous isotherm 043: 

(i.C\i/c’l), = kJi(Qj - <ii) - kJf/j (1.10) 

E&l = Langmuir adsorption rate coeflicient. kd = 
Langmuir dcsorption rate coeficient. (zi = f(c*i) at 
IZ’i + % = ultimate sorption capticity]. Eqn. 1.10 is 
mathematically equivalent to the rate cqualion in 
the Thomas model (see Appendix) and implies a 
Lungmuir isotherm. Applied to consta;lt-pattern 
shock layers it products concentration profiles with 
.s~*~tttwrrictrf S-shapes (see Appendix for proof). 

I&3.1. Asid c&~fii.sicin 
Axial diffusion contributes an additional term to 

the basic material balance. Eqn. 1.2 becomes 
ElO.1 I]: 



(P = diffusion coef%ient, assumed concentration- 
independent) and results in a more complex wave 
equation. Under conditions of local equilibrium 
and with a reasonably Langmuir-like isotherm, this 
produces a tailing pro& not unlike that resulting 
from rate control by sorbent-phase mass transfer. 
This is evident from the mathematical solutions 
[9,35] and can be made plausible as follows: Solute 
that has diffused forward into volume elcmcnts 
ahead of the main wave is effcctivcly picked up by 
the sorbent which, precquilibrated at a still lower 
concentration, is loaded to a significantly lesser cx- 
tent (steep isotherm); behind the main wave, solute 
that diffused forward and so depleted the solution is 
not as readily replaced by desorption from a sor- 
bent whose equilibrium loading is not much lower 
at the lower solution concentration (flat isotherm). 

The effect of non-plug flow (see Fig. 1.3) is esscn- 
tially the same as that of diffusion. Usually. bath 
are accounted for by USC of eqn. 1.1 I with D as a 
lumped dispersion coetlicient. A more detailed 
model includes channeling and transverse diffusion 
[36]. 

In gas and supercritical-fluid chromatography. 
the flow-rate may be axially non-uniform, If the 
pressure drop is significant. volume elements of the 
gas phase expand as they travel through the col- 
umn, so the volumetric flow-rate is higher at the 
front end of a wave than at its tail. This effect is very 
slight (small pressure drop across any one wave) 
and is of little interest because it increases the dis- 
tances bctwccn waves by the same factor as it 
broadens the waves themselves. A more important 
effect is that, at high solute concentrations, the mass 
and volumetric flow-rates are significantly higher 
where solute molecules are present and thus must be 
moved in addition to those of the carrier gas. This 
so-called s~rpfiot? c@~r tends to sharpen the front 
of a solute peak or band and to spread its rear [37- 
411. In liquid-phase chromatography, the effect is 
negligible because tfle change in total volume upon 
mass transfer &twcen two condensed phases is in- 
significant. 

I.8.4.2. Tl~mni e&xts cd rcuctic/ns 
The cffccts cakrscd by non-isothermal behavior 

and chemical transformation of the solute are dif’ 
ferent in kind from those discussed above: Rather 
than having a dispersive effect on wave profiles, 
they produce entirely different chromatographic 
patterns. Therefore, their discussion is deferred for 
the time being. 

Constant-pattern profiles of shock layers arc rel- 
atively easy to calculate by USC of a frame of refer- 
ence that travels with the wave, Within this frame 
there is no change with time. so only an ordinary 
rather than part-.ll diffcrcntial equation has to be 
solved [I 71. Expt!k-it analytical solutions or approxi- 
mations have been given for some isothcrmsr in- 
cluding especialIF Langmuir‘s. in combination with 
linear driving-force equations in the moving phase 
f2 l] and in the sorbcnt [t 71 and for axial diffusion or 
dispersion 1351 (ccc section 16 of Perry’s Handbook 
[9f for details). 

The various non-idealitics are seen to produce ef- 
fects that differ in kind. as shown in Table 1.3. 
Therefore, unless one single non-ideality completely 
dominates: 

The exccptic;n 1s that the effects of mass-transfer 
resistance in the sorbent, axial diffusion, and non- 
plug flow are similar (although not strictly additive) 
and so can be lumped. However, such single-pa- 
rameter modeling fails to account for the mass- 
transfer resistance in the moving phase, which tends 
to produce significant fronting of any shock layers 
even if it is negligible elsewhere. 

The profile or cfl’luent history of a shock layer are 
seen to depend on the isotherm shape as well as on 
the effects of the non-idcalitics. Thcreforc, the iso- 
therm cannot be dctcrmined from efi’bent histories 
of shock layers unless the effects of the non-ideal- 
ities arc known in detail, nor can the latter effects be 
established without exact knowledge of the iso- 
therm shape. Because so many different non-ideal- 



TABLE 1.3 

EFFECTS OF NON-I~~ALlTlES OF SHOCK-LAYER PROFILE _-_.___~--__-~ 

Daminant non-idcality Effwt on shock4ayer proiiIc 
- _ __. .- _.-- .__..^ _- .^ _ ..__ _ -. .*. .--- _._-- 

Ma-trnnsfcr rcsist:mcc in moving phase Fronting 

Mass-transfer redstance in sorball Tailing 
Rntc contrntled by uttwhmcnt to sorhcnt Symmc~ricid sprcitdinp 

(“rcitcdon control”) 
AM difl%on Tailing 
Non-plug flow Tniling 
Axinliy non-unirorm flow-rate Slight shilrpeni~~g [if s;ttur;tlictil WilVC). 

(in gas chrorn;tcogrilplty) slight sprcadinp (if clution WVC) 

__.-_ -iii__ -_--------- .-.. -.~l_ -..-_.- -- -_ ._.-.__ --_- __- _-- - _. _ _. 

ities may affect the cfRucnt history of ;t shock, the 
most rcliablc Rpproach is to dctcrmine the isotherm 
first point-by-point by batch or column cquilibra- 
tion. Tcntativc conclusions about non-idealitics can 
then be drawn from the shapes of shock profiles at 
dif%rent inlet concentrations and flow-rates. 

1.9. PROFfLES OF NONSHARPENING WAVES 

Nonsharpening waves were seen to be afTcctcd by 
non-idcalities only as fang as they arc still relatively 
sharp. Ideal chromatography is thercforc a good 
approximation. provided the column is reasonably 
long and the isotherm curvature is significant. Ac- 
cordingly, the profile of a nonsharpcning wave that 
starts out as a discontinuity depends almost cxclu- 
sively on the shape of the isotherm. An approxi- 
mate profile can be calculated from the isotherm by 
application of the wave equation 1.4 to a number of 
concentrations. with dc/i/dc*i as the isotherm slopes 
at the respcctivc concentrations. The wave velocity 
given by cqn. 1.4 multiplied with the time I gives tllc 
distance which the concentration has advanced in 
the column, Similarly, iur &III •~~~~I~LuIH~~w ~IIILKII~ 

history, the wave velocity divided by the column 
length gives the retention time of the concentration. 

The procedure can be reversed in order to deter- 
mine an isotherm from the cfUucr’lt history of a non- 
sharpening wave 1421 (an elution wave if the iso- 
therm is of Type I). Wowcvcr, this procedure is not 
very accurate. One sourcc of error is the dif%culty of 
accounting correctly for the small but not negligible 
cfl&t of non-idealities. Another is the fact that the 
tcchniquc yictds isotherm skapc~ rather than points. 

so that the isotherm must bc picccd together from 

the former, ;k proccdurc in which any error at it low 
concentration is propagated to alf higher conccntra- 
tions. Chromatographic tcchniqucs for isotherm 
determinations will be discussed in more detail in a 
later instalmcnt. 

l,lo. COMPLEX ISOTHERMS AND COMPOSITE WAVES 

Isotherms with inflection points may give rise to 
“composite WBVCS” consisting of self-sharpening 
and nonsharpening portions. In the fully developed 
pattern resulting from a step input. shock portions 
have linear operating lines while nonsharpening 
portions have operating curves that coincide with 
the isotherm. Fig. 1.12a shows a Type III isotherm 
and the operating curve for saturation of a column 
initially free of sorbate. For a given isotherm, the 
operating curve can be constructed with a rule 
based on the following argument. Concentrations 
(or r;hock portions) that huvc advanced farthor 
must have higher veiocitics; according to the wave 
equations 1.3 and 1.6, the slope of the operating 
curve thcrcfore must decrease monotonically from 
the point corresponding to the entering concentta- 
tion (c$‘.& to that of the initial concentration (c.i =z 
(ii = 0). As a result, the operating line of any shock 
portion is rmtgmtid to the isotherm [9,4X44]. One 
can envisage the operating curve as a rubber band 
stretched bctwccn the points of the initial and cnter- 
ing compositions and at most touching the isotherm 
but not intersecting it. For adsorption the operating 
curve is below the isotherm, for dcsorption it is 
above it. Among fixed-bed cnginccrs this rule is 
known as the “Golden Rule” (named after Berkeley 
doctoral student F. M. Golden. quoted in section I6 



of Perry’s Handbook [Yf but not scparatcly publish- 
od). The resulting stlturatian wave for the isotherm 
in Fig. I. 1% consists of a leading shock in which the 
concentration rises to c;, followed by a nonsharp- 
cning portian in which it rises from c; to the influcnt 
vntuc, cj’, and is shawn in Fig. 1,12b, A convcnicnt 
graphical proccdurc devclopcd by Wclgc [45] for 
construction of wave profiles in two-phase jlow in 
permcablc media from fractional-flow curves and 
widely used in oil rcscrvoir cnginccring can bc 
adapted to the construction of concentration pro- 
files OF composite waves in chromatogmphy from 
isotherms. 

An inflection point on the isotherm does not ncc- 
cssurily produce s1 composite wave. For instance. 
the Type 111 isotherm in Fig. 1.1 i trns an intlcction 

b) 

point at it conccntrutlon below that of the cntennp 
solution, yet application of the Go&n Rule r;lto~s 
the wwc to bc a pure shock fno line from the origin 
is tnngcntiat to the isotherm at any conccntmtion 
bclaw that of the entering sntutian). 

I. t I. S’t’ANDhRD Tt’IEORIES ANO MODELS 

The non-lincar models mast commoniy rcfcrnzd 
to cun no3w be put in context. 

The concept afquilibrium stages. with an HETP 
accoun: ing for the ctI’ccts of non-id&it& htts also 
been used for numcticlh stag+by-stage calculations 
in non-tincar chromatogr,tphy [46]. This is possible 
uhhaugh the fumilii\r corrch~tions bc~ccn HETP 
and WWE sprcadinp an\ not in gcner;\l valid under 
non-linear conditions. Inasmuch as ;I succcst;ion of 
equilibrium stngcs physically anounts to back-mix- 
ing in the column. the calculations nctuitlly model 
the cffccts of axial diffusion itnd nun-plug fiow. 
That is. for symmetrically shaped isotherms, CidGU- 

tatcd .sl~~k ~CQWS tail. Bccausc of the similarity with 
tltc cffcct of non-equilibrium owing to mass-trans- 
fcr r&tance in the sorbcnt, the results arc rcnson- 
able approximations. ~rc~i&d tl~ nrtr,~s-r~cirul~~~ w 

sklorttr. itt tltc* trtoriit,y phttse is tti*gli#ds iwtt ttt ttw 
lmwr c.ottc’c’ttfl’ctiic,Ils. As \Vi\S seen cnrlicr. the latter 
rcsistrtncc produces fronting rathcr than tailing of 
shock layers. and so invatidatcs the model. 

Sk~-~dkd semi-i&al modtls f471 potitulatc that alt 
non-ideal clG%!cts can bc accounted Ibr in a single. 
lumped dispersion cocRicicnt t,47.481. They use the 
ntatcriul balanLw equation 1.1 I dlt c/i = f(Ci). that 
is. tvith iii in equilibrium tvith (*i+ Analytical SO~U- 

tions been given some spaziai j4S1. 
Because the similarity the effect hydrody- 
namic with actual in stages. 

models give the same 
as equilibrium-stagz Specifically. they 
duce tailing profiles if isotherm 
shqx Langmuir’s. and to show 
shock-layer fronting results from significant 
mass-transfer in the phase. 



f, lJ,j. Ttotttqs FttOdd ( ’ 'FWCticttt-kiFtCtic' tWtk?i”) 

The model dcvclopcd by Thomas [49SO] for bi- 
nary ion exchange attributes I~cal non-equilibrium 
to the finite rate of a second-order rwersibte ex- 
change “reaction” and assumes ideal behavior in sll 
other respects, The rate equation implies constancy 
of the separation factor (defined as ~~r,~~~~i at cqui- 
librium of exchanging ions i and,j). The model has 
also been used for sin&-compcmcnt adsorption 
[51,52], In this modification, the riltc is given by 
cqn. I, 10 and implies u Langmuir isotherm 4 the 
mathematics of binary ion exchange with constant 
separation factor and single-componcnl Langmuir 
adsorption arc formally identical). Analylical solu- 
tions in terms of a tabulated function [53] have been 
derived for input in form of a step [49,.50] or puisc 
[S2] and for arbitrary input [ICI]. The solution for 
step input is valid for both nonsharpening and sclf- 
sharpening waves and, for the latter, covers the 
transient approach la the constant pattern. 

1. I I .4. MCISS- tI’Cln.q~I’ t?tilikl.Y 

The simplest models that account explicitly for 
local non-eq~lilibrium owing to finite mass-transfer 
rates use linear driving-force approximations, as 
discussed previously. In some of thcsc procedures 
an HETP 1221 or :I “number of mass-trimsfcr units” 
[8.9] is obtained from the tnass-transfer coofficicnt 
and then used to calculate the shock-layer profile. 
For situations in which the rcsistanccs in both phas- 
es are significant. Gtucckauf’ [22] sunt~ t&p the dis- 
persions caused by each: this tends to overstate 
spreading but gives a smooth transition from a 
fronting to it tailing profile as the dominant rcsist- 
anct shifts from the moving phase to the sorbcnt. in 
contrast, Vcrntcukn and co-workers [S,9,54] culcu- 
late an “overall” mass-transfer coefficient with the 
principle of additivity of resistances in series. apply 
nn approxitnatc correction factor for the error in 
that principle, and then USC the rcsutting coetficicnt 
in the driving-force equation for the phase in which 
the resistance is more serious, This procedure gives 
an abrupt transition from cxtremc fronting to cx- 
trcmc tailing at the point whcrc both rcsistanccs arc 
equally important. A proccdurc that avoids this un- 
realistic result by construction of driving-force ar- 
rows in the t/i VS. (‘i diagam Io obtain cottccntrn- 

tion-history slopes nt n set of concentrations in the 
shock layer snd then piccittg the effluent history to- 
gethcr from short scgmcnts hits been suggcstcd by 
Klein [55]. 

More elaborate mass-transfer models for the sor- 
bent phase USC non-lincur driving-force approxima- 
tions, Fick’r; law of dinirsion for the particles Ws- 
sumed to bc sphericul), or diffusion in ports with 
adsorption onto the pore walls (“pore di@usion 
model”). For more detail. see Tublc 1.4. section 16 
of Perry’s Handbook 193. and it rcccnt rcvicw by tee 
ct cd. pi]. 

Analylical soIutions for non-ideal chromatogru- 
phy arc possib’fc only in a few special citses, Since 
execution time is usually not it problem on today’s 
computers, it makes scnsc to turn to the most gcncr- 
al and flexible computer models wltcrc numerical 
calculation is required anyway. At present, the tnosi 
general. publicly available and rcuson:\bly “uscr- 
friendly” program is VERSE-LC [63]. Written in 
FORTRAN, it is for single- and tnulticomponcnt 
adsorption with arbitrary isotherms and arbitrary 
input conditions and allows for finite rates of mass 
transfer in the moving phase, difTusion in ports. ad- 
sorption on pore walls, and reactions in both the 
moving and sctrbcnt pltuscs. The LC in the title in- 
dicatcs that it is itrtcudcd for liquid cltrotnatogra- 
phy only. The program is avaitablc f~ am the Purdue 
Rcscurch Foundation. 

I. 12. ELUTION PEAKS 

Wittt knowlcdgc of the behavior of non-linear 
waves, the shapes of peaks and bands under non- 
tincar conditions I”ovcrload”) can now be prcdict- 
cd. For this purpose. the injected satnplc is viewed 
as EI concentration plateau bctwccn two initially dis- 
continuous waves which interact witlt one another 
on their travel through the column. 

The asytnmetry of a sin&-rotnponcnt peak or 
slug (flat-top peak) in ctution uttdcr overload condi- 
tions dcpcnds on the shape of the isothcrtn. Wittt a 
Type I isotherm. the peak or slug has it shock front 
and ttonsl,;trpening rear. and tails accordingly. 
With a Type II isotherm. the opposite is true, that 
is. the peak or stup fronts. Ssothcrms with intlcction 
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injcctcd concentration cannot bc infinite. the am- 
ple volume must be finite: and since the isotherm is 
curved over its entire range. qtrfctly linear chroma- 
tography would require the dilution and thus the 
sample volume to be infinite. Fig. I.13 shows for 
comparison how rhc peak shape esol~cs from pre- 
dominant concentration overload and predominslnt 
wlume overload, granted a Type f isotherm and 



with the same amount of same solute injected into 
the same cohnnn. 

Let us examine a peak or slug with Typt I iso- 
therm more closely. The nctnsharpcning rear trawls 
practically in a proportionate puttcrn since the 
small. initial dispcrsivc cRcct of non-idcutitics soon 
IXCONZS ncgligiblc. For thy shock front. At/i EZ 
(c/i)*,;,% 8lKi (A<‘;) E (C’j)tlr:,w. whcrc tllC ill&X IllUX rc- 

fix-z to tilt apex or. as long as it exists. to the pla- 

ttw. Thus. uwording to cyn. 1.6. the.shock velocity 
at any rime is 

(1.12) 

For concentration overload. the shock trawls t’ath- 
cr rapidly at first. but slows dawn as the cfli‘ct of 
isotherm ctIrt’itttIrc C~UXS the pcrtk to spread and 
its apcz; cormntration to dccrcusc (Inwr conccntrtt- 

tions on the isotherm give stccpcr chord slopes </i’(‘j. 
resulting in stronger retardation; see Fig. 1. t a). Foi 
volume ovcrloud. the shock is rclatiwly slow to 
start with and travels at constant vclncity until the 
plrrtcuu has crodcd. 11~ both caics, the nonsharp- 
ening rwr of thu peak or slug prodtlccs in fan of 
conccntratian contours in the distuncc time plant; 
the diffcrcncc is that for concentration ovcrtoud thr 
I,i~fl-conccr~tr’atiotl contours arc soof~ “eaten up” 
b\, the sh<jck its the apc‘x conccntrution diminishca, 



(same amount injected). the histories resulting from 
concentration overload und volume overload arc 
practically the same once the plcatwu of the slug in 
volume overload has disappeared (at distance z* in 
Fig. 1.12). In other words: 

An csscntitdly cyuivatcnt rtrte. in terms of profiles 
and clucnt volume rather than hisrarics and column 
Icngth, has been dorivcd by Knox and Pypcr [YI] 
with some simplifying assumptions, Howcvcr. it is 
nixcssary to spcoify that. for the ctllucnt histories to 
bc cquuL the rctcntion Gmcs must be ncauurcd 
from the rlritJ of injection. not from its start. 

The rutc of cyual concentration histories ibr con- 
ccntration overload and volume overload beyond 
some distance of Imvcl holds cvcn though tho pcsk 
front is nol an ideal ~ii~~ontinliity and. in fact, grud- 
ually loses shurpncss as the apex cortccntraGctn dc- 
crcc~s fthc self-sharpening tcndcncy wcakcns as 
the isotherm stopc at (<‘i)~~i~r becomes more similar 
10 that tit (‘i = Of. This is bccausc the width of the 
shock layer is csscn&tlly quusi-titutionary. and so is 
the same in both c;~scs at the s;tme apex concentra- 
tion. indcpcttdtnt of prislr events. 

If the isotherm is of Type !I --resulting in a peak 
\vith diiCsc front and shttrp rear- any ovcrlaad 
dctays the apes, and tltc leading. lowvcst concentra- 
Cons tnove at the velocity of a peak of infinitesitnaf 
size. The Knos rule of csscntially equal cNucnt his- 
torics from concentration and volume overload also 
holds, but now with rctcntion times counted from 
the sfar‘t of injection, The behavior of isotherms 
isith it&xtion points is more complex bccnusc the 
dcvclapmcn~ may involve shock portions that arc 
present only at higher concentrations and diwppcar 
\vith attcnu~ttion [Lt?]. 

product square-root spmuding-a conccpt they 
vcrificd empirically by comparison with numcricat 
results. A “kinetic” contribution is said to stem 
from non-idcnlirics; an additional “thcrmodynam- 
tc * l * onr. from the isotherm curvaturxz. At first 
glance. this seems paradoxical because isotherm 
curvature shnrpcns rather than sprcitds the peak 
front and products a proportionntc rather than 
squat-c-root spreading pattern of the peak rear. and 
the non-idculitics help to turn the peak front into a 
shock h\yer and have no signirtcant cRct on the 
peak rear. Howcvcr. closer inspection resolves the 
paradox. Firstly. provided the peak is trktrzgrtltrr. as 
Knox and Pypcr postulate, und the concentrations 
of its nonsltctrpcning rear fan out in ;\ proportionate 
pattern (straight-tine contours). the hasc width 
must indeed increase in proportion to the square 
root of travclcd distance because the constancy of 
peak area (amount of solute) requires the apex con- 
ccntration to decrease --i.~.. the higher conccntru- 
tions ‘“gcct lost” (set Fig. 1.14). Secondly. the non- 
idcalities do contribute a little ta peak spreading, 
approximately in proportion to the square root of 
traveled distance: while they have no effect to speak 
of on the nonsharpening flunk of the peak. the 
shock ilank loses sharpness as the sharpening effect 
of iwthcrtn curvature t’r-tdcs with decreasing apex 
conccntrution. 

Unforrunatcly. the concept of an HETP com- 
posed of additive, indcpendcnt. and constant thcr- 
modynatnic and kinetic contributions that make 
wves spread indefinitely in u square-root paw-n is 
not in gcncral applicable to non-linear chromarog- 
raphy. For instance. in displacement dcvetopment, 
where the band of a solute travels bctwcen two 
shock layers, isotherm curvature sharpens rather 
than spreads the waves at hot/t front and rear; morc- 
over, after having traveled a finite distance, the cn- 
tire sample slug attains a constant pattern that re- 
mains uncttungcd upon further travel. 

1.13. BANDS IN DISPLACEMENI- 

In displacement dcvetopmcnt. massive overload 
is intentionaL A large amount of mixture is injected 
and then displaced by an agent wfi0sc affinity for 
the snrbcnt is higher than that of any species of the 
nlixturc. Given compctitivc isotherms (e.g.. Lang- 
muir-lype). the misrurc advances through the WI- 
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at distance 2 z 

at distance z . time --b 

Fig. 1.14. Spreading of triangular peak with proportionutc pattern ol’dillitsc tlunk~ proporGon;W sprcuding ol‘cntirc pwk would double 
its arca when distance of travel is doubled; reduction by litWar fitctor %‘? is required to keep area to original size (a = peak height at 
distance :: b = peak width at distance z). 

umn in a piston-like fashion between two shocks. In 
the presence of one another, the particle velocities 
of the components of lowee afinities for the sorbcnt 
are higher (lower values of qi/ci, see eqn. 1.5). Ac- 
cordingly, the components sort themselves out in 
the sequence of their affinities. The final, constant 
pattern has a shock between eacfi two adjacent 
components in addition to t!x shocks at the front 
and the rear of the sample slug (see Fig. 1.15). 

displacing agent 

1 
displacing agent 

1 

The calculation of resolution distances in dis- 
placement development is a complex problem of 
multicomponcl~t chromatography, to bc discussed 
later in this series. However, the final pattern is rela- 
tively easy to predict wiih a knowledge of the singlc- 
component isotherms, as shown by Tiselius 1641. At 
each shock, the component present on one side is 
absent from the other, so that the shock wave equa- 
tion 1.6 reduces once again to cqn. 1.12. hcrc with L/i 
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and Ci as the concentrations in the respective ad- 
jacent bands. In the final constant pattern, material 
balance and constant amounts of all solutes of the 
mixture require all shocks move at the SUIVCJ veloc- 
ity, so that Cfi/ci in eqn. I.12 must have the same 
value for atl solutes, including the displacing agent. 
(it is interesting to see that, once the solutes have 
separated, the entire wave pattern and all solutes 
travel at one common particle velocity; see eqn. 
1.5.). The concentrations of the solutes in their 
bands can now be determined with a graphical pro- 
cedure illustrated in Fig. 1.16: The concentration 
cCIisPl of the displacing agent is known and identifies 
a point (c,Y)ctisol on the isotherm of the latter, and 
the chord of that point intersects the isotherms of 
the other solutes at their concentrations ci and q;. 
The isotherms in this construction are the .sirzg&+ 
~a~tpor~~~t isotherms, the mixture having been re- 
solved into its cotnponents. If algebraic equations 
for the isotherms are available, all that is needed is 
to equate the partition coefficient qJc+i of the recpec- 
tive solute to that of the displacing agent at its con- 
centration (;iisPl and solve for Q. With all solute con- 
ccntrations in both phases known, the band width 
of each solute of the mixture in the composition 
profile or history can be obtained from the injected 
amount of that solute by a material balance. This 
compietcs the quantitative prediction of the final 

pattern under ideal conditions. If more accuracy is 
required, the shock-layer profiles must be calculat- 
ed. Since each shock in the final pattern is between 
two single-component bands, this can be done in 
much the same way as discussed previously. 

If the concentration of the development agent is 
not high enough. not all isotherms may be intersect- 
ed by the chord of (c,q)displ- An example is the 
(dashed) isotherm of solute D in Fig. I. 16. Any such 
solute breaks away from the displacement pattern. 
running ahead as an attenuating peak. 

As can be seen from Fig. 1.16, the concentrations 
in the individual bands of the final pattern are dic- 
tated by that of the displacing agent: often. they can 
be made much higher than those in the injected 
sam pie: d~~~pl~~c~~~e~t devel~ptnertt pemits solutes to 
he eomwrntcd while tit+- are sepnraced. Also, large 
overload is beneficial: The higher the concentra- 
tions, the stronger arc the self-sharpening tenden- 
cies of the shock layers (greater differences in iso- 
therm slopes between front and rear ends of the 
shock layers): and the larger the amounts of solutes 
at given concentrations, the longer are the individu- 
al bands and, therefore, the smaller is the fractional 
overlap that results from the less than ideal sharp- 
ness of each shock layer. In short. overload, a dctri- 
ment to be contended with in elution, is put to work 
for a good purpose in displacement. 
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1.14. SYMBOLS 

F. G. Hd#ierid~ uttd P. W. Curr 1 J. Cirrmcrtu~r. 629 f 19931 97-122 

a specific surface area (area of interface sorbentjmoving phase, per unit volume of 
column) cm-’ 

Ci concentration of sofute i in moving phase (per unit VOhX of moving phase) mm01 cmw3 
0 

Cf concentration cy upstream of wave (or in entering fluid) mm01 cm-j 
c? concentration ci at interface with sorbent (in equilibrium with 47) mm01 cm-j 
D axial diffusion or dispersion coeflicient cm2 s-l 
f(ci) sorbent loading qf in equilibrium with cg mm01 g- * 

ki Langmuir adsorption rate coefficient mmol-’ cm3 S-’ 

ki Langmuir desorption rate coeflicient 
kf mass-transfer coefficient in moving phase 
k, mass-transfer coeficicnt in sorbent 
ki.k2 rate coeAicients in Thomas law 

constant in Langmuir isotherm q&A = Kci/( t + KG) 
sorbent loading with solute i: amount of i in sorbcnt (averaged over bead) per unit 
mass of sorbate-free sorbent 
sorbent loading qj upstream of wave (in cquiliLrium with c:) 
sorbent loading qi at interface with moving phase (in equilibrium with CT) 
ultimate sorbent loading: f(rf) for Ci -+ r, 
time 
linear velocity of moving-phase Row 
linear particle velocity of solute i 

linear wave velocity of concentration c’i 
linear wave velocity of shock At-i 
equivalent fraction of counterion i in moving phase 
equivalent fraction of countcrion i in ion exchanger 
linear distance from column inlet (inlet end of packing) 
survival distance of flat top of peak from volume overload 
separation factor of counterions i and j ( ZE c/icj/qjci) 
difference across shock, or difference in driving force approximation 
fractional volume of moving phase in column 
bulk density of sorbcnt: mass of sorbatc-free sorbent per unit volume of column 

S-l 

cm s-’ 
cm s-l 

S-’ 

mmol-’ cm3 

mm01 g- l 
mmol g-r 
mmol g-r 
mm01 g-l 

s 
cm s-r 
em s-l 
cm s-l 
cm s-l 

dimensionless 
dimensionless 

cm 
cm 

dimensionless 
operator 

dimensionless 
g cmW3 

.SftccGf .strf~si.r@fs: cffl = cfhuent: initial = state 
before passage of wave; max = apex of peak. or 
plateau of flat-top band, or maximum at respective 
wave; displ = displacing agent in displacement dc- 
velopmcnt. 

For ease of perception it is obviously convenient 
to have the value of z at a point in the column corre- 
spond to the linear distance from the inlet (and z at 
the column end, to the column length). The corre- 
sponding velocities c’=/c’t arc the litrcu~ velocities 
fvoiumc of moving phase per unit time and unit 
(average) cross-sectional area of column void]. Any 

other self-consistent set of variables cquivalcnt to 
distance, time, and velocity could be chosen instead; 
e.g., cumulative effluent volume instead of time, col- 
umn volume upstream of a point instead of distance 
from column inlet, and the corrc?ponding dimen- 
sionless equivalent of velocity. 

Any other self-consistent set of concentrations 
and mass-transfer coefficients can be substituted for 
those used here. For mathematics, concentrations 
per unit volume of ~czlrrmt~ arc most convenient in 
that they obviate the factor p/c in the wave cqua- 
tions [l I]; also, the factor p then disappears from 
eqn. 1.7 and condition I.8 and 1.9. 
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I.16 APPENDIX 

That the Thomas model gives shock-layer pro- 
files or histories with symmetrical S-shape is easiest 
to show with the original version of the model, for 
binary ion exchange converting the cxchangcr com- 
pletely from the A to the B Form [49,50]. In terms of 
counterion fractions si in the solution (moving 
phase) and yr in the exchanger, the rate law is 

(C??‘*/?t), = k lS‘/+_l’}3 - C;:,I’A.Yl~ 

For binary ion exchange: 

.Vl1 = 1 - sA and _r13 =f I - yA 

The concentrations are those in the bulk phases, so 
that pairs (.YA*_Y~) correspond to points on the oper- 
ating line, on which _I+~~ = _sA (diagonal in S-J* dia- 
gram for complete conversion). With these substifu- 
tions the rate is 

The rate is seen to be zero at .sR = 0 and sA = 1. 
have its maximum at sA = l/2 (halfway point on 
operating line). and have the same value for any sA 
as for the corresponding I - s,,. This translates 
into a symmetrical S shape with equal fronting and 
tailing. (For the shock layer to form. the separation 
factor 2. AR must be larger than unity; since x,~~S = 
kt/kz. this requires k, > E;z and cnsurcs a positive 
rate.) 
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